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Smectic liquid crystal films a few molecular layers thick that are freely suspended in air are
used as a model system to study the coalescence of fluids in two dimensions. High-speed video
microscopy is used to observe the coalescence of islands, which are thicker, disk-shaped regions of
the film, in a process driven by the line tension associated with edge dislocations along the island
boundaries and limited by dissipation in the film and the surrounding air. The early time growth of
the bridge connecting the merging islands reveals much slower dynamics than predicted by Hopper’s
classical hydrodynamic model of coalescence of two infinitely long, fluid cylinders. This retardation
is proposed to result from the restriction of permeative flow of liquid crystal material out of the
shrinking domain boundary. At late times, the elliptical merged domainrelaxes exponentially to a
circular shape. The relaxation rates are described quantitatively by a model that includes dissipation
both in the film and in the surrounding air.
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2The coalescence of two fluid objects and the converse process, the breakup of fluid drops, are simple, beautiful
examples of singular physical phenomena involving the divergence of a physical quantity. Early work in this field
was carried out by J. J. Thomson, who studied the evolution of ink droplets as they merged with water [1]. Recent
topics of investigation include the dynamics of drop pinch-off [2, 3] and the expansion of the fluid bridge connecting
two coalescing drops [4–8]. Hopper’s modeling of the coalescence dynamics of two infinite, fluid cylinders [9, 10] and
further works by Eggers, Lister and Stone on the crossover between viscous and inertial regimes during coalescence [11]
have stimulated several experimental and theoretical studies of both three-dimensional (3D) [12–15] and quasi-two-
dimensional (2D) fluids [16–21]. Fluid membranes represent near-ideal model systems for studying hydrodynamics in
reduced dimensions, described theoretically by Saffman and Delbru¨ck [22, 23]. Usually such membranes have finite
thickness and are immersed in another fluid (or are confined to a fluid-fluid interface) and so are only quasi-two-
dimensional. Nevertheless, they can display 2D character when the Saffman length, the ratio between the 2D and
3D viscosities, is sufficiently large, as we have demonstrated for inclusions in smectic films [24–28]. Saffman and
Delbru¨ck’s pioneering treatment of hydrodynamics in 2D has been extended recently to describe 2D hydrodynamic
interactions [29, 30] and the shape relaxation of fluid lipid domains [31].
In this Letter, we investigate the coalescence of ultrathin, circular, fluid smectic islands embedded in freely-
suspended liquid crystal films, a process in which a pair of islands with similar radii merge to form a single island
of the same thickness and total area. While the expansion of the bridge connecting the islands might appear to be
qualitatively consistent with Hopper’s model, as proposed by Shuravin et al. [21], our experiments show that the
temporal evolution [19, 32] is in fact quite different. The coalescence dynamics following contact and bridge formation
are determined not only by regular Stokesian flow in the plane of the film but also by dissipation associated with the
permeation of material between the molecular layers in the merging islands that is required for the islands to coalesce
and for the outer perimeter to shrink. This source of dissipation, which is particularly important at early times,
is peculiar to smectics and is not included in Hopper’s model for isotropic fluids. We have shown previously that
the hydrodynamics of smectic A films are well described by Saffman-Delbru¨ck theory, treating the films as quasi-two
dimensional fluids with viscous drag on inclusions occurring in general both in the film and in the surrounding air.
The relaxation of the merged island towards its final circular shape acquires 2D character at later times, with the
dissipation occurring mainly in the film rather than in the air.
Smectic liquid crystals can be drawn into stable, homogenous, freely-suspended films of uniform thickness [34], with
occasional thicker, disk-like domains called islands that appear spontaneously or can be created in the films using
airjets [35]. These islands are bounded by edge-dislocation loops that are effectively impermeable to liquid crystal
molecules on the time scale of the coalescence events studied here, so that when two islands of the same thickness
merge, the total area is conserved. These dislocation loops, sketched in the Supplemental Information at [URL will
be inserted by publisher], have an energy per unit length that may be expressed as a line tension λ ∝ ∆N = Ni−Nb,
where Ni and Nb are respectively the number of molecular layers in the island and background films [36]. This line
tension minimizes the island perimeter and acts as the driving force in island coalescence. The dynamics are limited
by dissipation arising from the bulk viscosity of air η′ and the 2D viscosity of the film η2D = ηh, where η is the 3D
viscosity of the liquid crystal and h = Nd is the island or background film thickness, with d being the thickness of
a single smectic layer. The absence of a substrate in these experiments allows us to obtain high-contrast images of
the islands using reflection-mode microscopy. The film and island thicknesses were determined by optical reflectivity
[37, 38].
In general, the shape relaxation of a thin, quasi-2D fluid domain of average radius R is expected to occur in a
characteristic time that depends on its reduced radius ε = R/`S , where, since the smectic film is in contact with the
air both above and below, the Saffman length [39] is given by `S = η2D/(2η
′). When ε 1, the dominant dissipation
is in the surrounding air and the dynamics are three-dimensional, while when ε  1, most of the dissipation occurs
in the film and the relaxation has two-dimensional character [16]. In previous experiments on the shape fluctuations
of fluid domains in Langmuir films, typically ε = O(100) [40]. However, in our freely-suspended smectic films, ε can
be tuned in the critical range 0.1–1 by varying the film thickness in order to control `S [24]. In this regime, small
deviations from the equilibrium domain shape relax away at a rate dictated, in general, by dissipation in both 2D
and 3D, and we expect the overall relaxation time constant τr to be the sum of the characteristic times associated
with these individual modes, i.e., τr = τ2D + τ3D [16]. In the limit of small ε, we expect the dynamics to become
essentially two-dimensional, with τr ∼ τ2D, a prediction confirmed by our observations as we will show below.
The liquid crystal used in these investigations was 8CB (4′-n-octyl-4-cyanobiphenyl, Sigma-Aldrich), which at room
temperature (22◦C) is in the smectic A phase, with an in-plane viscosity η = 0.052 Pa · s [41] and a layer thickness
d = 3.17 nm [42]. The surrounding air is assumed to have a viscosity η′ = 1.827 · 10−5 Pa · s [43]. We made freely-
suspended films with Nb in the range 2–8 smectic layers across a 3 mm-diameter opening and generated islands with
radii in the range 4–100 µm and thickness Ni . 30 layers. The large difference in thickness ∆N between the islands
3FIG. 1. Coalescence of two islands in a fluid smectic film. (a) Typical coalescence event (starting at t = 0) of two pancake-like
islands (bright, circular domains) in a thin smectic A film (dark background). The film is four layers thick (Nb = 4), and both
islands have Ni = 27. The original radii of these islands are 50.7 µm and 54.6 µm. The bridge connecting the merging islands
expands rapidly at first (b,c), while at later times (d–f) the merged domain relaxes slowly to its final circular shape. The red
outlines are Fourier fits to the boundary shape. (g) Expanded view of the bridge region as a function of time.
and the background film results in good optical contrast and helps stabilize the island size for up to an hour against
draining, a slow process in 8CB films in which material is transported from the film into the meniscus at the film
boundary. The line tension of an elementary layer step λ1 = λ/∆N was found previously for 8CB to be 10.5± 0.6 pN
by Zou et al. [44], 7± 1 pN by Ge´minard et al. [36], and 10± 1 pN in our measurements of the boundary deformation
of sessile islands in a vertical film pulled by gravity to the meniscus at the bottom of the film.
The films are enclosed in a sealed chamber in order to minimize disturbances from the surrounding air. Pairs of
islands are selected and then brought close together using optical tweezers, eliminating having to wait for the islands
to approach each other by random diffusion. In 8CB films, even when two islands touch, they often do not coalesce
immediately but once they begin to merge, we record the shape evolution of the merged domain at rates of up to
67, 000 frames/sec (fps) at 256× 256 pixel resolution using a high-speed digital video camera (Phantom v12.1, Vision
Research).
A typical coalescence event (two 27-layer islands of approximately the same size merging in a 4-layer film, captured
at 21,000 fps) is shown in Fig. 1. Soon after the islands connect (at t = 0), a narrow, fluid bridge forms between
them. The bridge then expands and the initially sharp, concave cusps on either side of the bridge move steadily apart
and become rounded. Once the bridge spans the width of the merged domain, its sides become convex (at t ≈ 5 ms),
following which the line tension slowly forces the merged domain to change from approximately elliptical to circular.
During the entire coalescence process, the two islands remain along a fixed symmetry axis passing through their
centers. The bridge expands normal to this axis and has a well-defined boundary, allowing us to measure the bridge
width accurately to within ±1 µm for t & 0.5 ms. We have analyzed the island coalescence in order to determine the
bridge width vs. time first by measuring directly the neck width of thresholded coalescence images, and second by
4FIG. 2. Bridge expansion during island coalescence. (a) Bridge width evolution during the coalescence event shown in Fig.
2, beginning with rapid expansion of the connected region and ending with a slow relaxation towards a circular shape (blue).
Hopper’s model for isotropic fluid cylinders with the same line tension and viscosity as 8CB (green), predicts more rapid
dynamics (τH = 4.1 ms) than observed in our experiments: fitting the Hopper model to the final stages of evolution yields a
characteristic time τ = 6.8 ms. The effective Saffman length is `S = 138 µm. The inset shows the evolution of the principal
Fourier modes, n = {2, 4, 6} (the odd modes are absent by symmetry). (b) Normalized bridge expansion measured during the
coalescence of several pairs of islands of the same thickness and similar size vs. time scaled by τH . The legend shows the number
of layers in the background film and in the islands. The corresponding final island radii are Rf = 116, 149, 125, 38, 42, 99, and
78µm. The bridge expansion scales reasonably well, with the two outliers corresponding to thicker islands with small radii.
The inset shows the raw bridge expansion data.
analyzing time-series images (kymographs) created by making intensity scans parallel to the bridge (see Supplemental
Material for a more detailed explanation of this procedure). These analysis methods produce similar results. At
early times, leading up to coalescence, the island boundaries near the point of contact are very close together and
essentially tangent to each other. Since the island boundaries are extremely narrow, with widths that are well below
the optical diffraction limit, they cannot be resolved individually in the microscope, giving an apparent bridge even
before coalescence begins . The initiation of coalescence of the two islands (where w = 0) was therefore taken to be
the instant at which the perceived bridge width began to grow.
The boundary of the merged domain can be fitted to a Fourier expansion including the first three even powers of
cos θ (red outlines in Fig. 1). The Fourier components of order four and higher decay relatively rapidly (Fig. 2(a)
Inset), leaving the second-order term dominant in the final shape relaxation process.
Even at the fastest expansion velocity (∼ 25 mm/s) and largest relevant length scale (∼ 150 µm) in these experi-
ments, the Reynolds number is small (Re = O(0.1)). The hydrodynamics in the plane of the film are thus expected
to be Stokes-like. The evolution of the bridge width w during the coalescence of a typical pair of islands is plotted
in Fig. 2(a), together with Hopper’s prediction for the coalescence of two infinite, viscous cylinders of isotropic fluid
5surrounded by inviscid fluid [9] taking the effective surface tension as γ = λ1/d = 4.1 mN/m, where λ1 = 10 pN, and
using the viscosity of 8CB. The coalescence of several pairs of islands of the same thickness and similar size vs. time
scaled by the Hopper relaxation constant τH = NiηdRf/(∆Nλ1) is shown in Fig. 2(b), with the raw data plotted
in the Inset. In all of the experiments, the growth at early times is observed to be slower than Hopper’s model, a
conclusion also reached by Shuravin et al. [21], suggesting sources of dissipation in addition to those due to simple
flow in the island interiors and the background film arising from processes not present during the coalescence of two
simple, isotropic fluids.
First, we consider the dissipation associated with displacing material from the boundary of the merged domain
as it shortens, a process effectively governed in our experiments by the viscosity of the boundary. Unlike drops of
isotropic fluid, where the surfaces and the bulk can exchange molecules quite freely, smectic islands are bounded
by edge dislocation loops of finite width. To move in and out of the boundary region of a merging island domain,
molecules need to permeate between layers, a process which dissipates more energy than purely 2D flow confined
within the layers. Analogous effects of permeation at the highly dislocated bounding meniscus of freely suspended
films have been reported previously in a variety of studies [45–48]. In our experiments, as coalescence progresses
the domain boundary gets shorter, at a rate limited by how fast the liquid crystal molecules can escape from the
shrinking boundary region. The permeation flow velocity is vp = λp · dP/dz [49], where P is the pressure, z is the
direction perpendicular to the smectic layers, and λp ≈ d2/η ≈ 2 · 10−16 m2/Pa · s is the permeation coefficient.
The pressure gradient between the dislocation core and the surface, which we assume to be maintained by the line
tension, is dP/dz ≈ ∆P/(∆h/2), where ∆h is the difference in thickness between the island and the background
film. Thus, ∆P = λ/S = λ/(b∆h/2), where b and S are respectively the width and cross-section of the boundary.
If we assume that b ≈ ∆h ≈ 100 nm, we have vp ≈ 2 µm/s. In principle, the liquid crystal can permeate across the
entire outer surface of the dislocation loop, which has an area 2Lb. If the length of the island boundary is L, the
corresponding maximum volume flow rate is dV/dt = vp(2Lb), giving an upper limit on the bridge expansion speed
v = (dL/dt)/2 = (dV/dt)/(2S) = vp(2Lb)/(2b∆h) = vpL/∆h. Assuming a typical boundary length L ≈ 500 µm, we
would estimate v . 10 mm/s, which is of the same order of magnitude as the observed growth velocities.
Second, there is dissipation associated with the Stokes-like flow in the plane of the film and in the surrounding air.
At long times, the relaxation of the elliptical merged island towards the final circular shape is exponential (Fig. 3(a)).
Mann et al. have investigated theoretically the evolution of an analogous system, elliptical lipid domains in Langmuir
films, considering dissipation coming from flow within the domains, in the air, and in the sub-phase [16]. Using
parameters appropriate to smectic films, their model predicts a relaxation time given by
τr =
η2DRf
λ
+ 2
5pi
16
η′R2f
λ
, (1)
where here the effective 2D viscosity η2D = (Ni+Nb)ηd combines contributions from dissipation within the island and
background films, Rf = wf/2 is the final domain radius, and the prefactor of 2 in the second term is a consequence
of the film being in contact with air at both surfaces. All quantities in Eq. 1 are known. If we scale Rf and τr to be
dimensionless (defining ε = Rf/`S , where `S is the Saffman length computed using η2D, and τ0 = τr∆Nλ1/(η2D`S)),
then Eq. 1 can be rewritten as:
τ0 =
1
k
(
ε+
5pi
16
ε2
)
, (2)
where k = λ/(∆Nλ1). If we allow the line tension per layer λ1 to be a free parameter and use Eq. 2 to fit our data for
islands of different radius (green line in Fig. 3(b)), we obtain a value of 8.5± 0.5 pN, which is in agreement with our
measurement of λ1 from the boundary deformation of sessile islands and that obtained by Ge´minard et al. [36] from
the evolution of dislocation loop size. The 2D term (red curve) from dissipation within the film is seen to be dominant
at all times but the 3D term (blue curve) from the dissipation in the air is truly negligible at small ε, signifying that
the dynamics become increasingly two-dimensional in character the smaller the diameter of the merged domain is
compared to the Saffman length.
In summary, we have observed directly the coalescence of disc-shaped, smectic fluid islands in thin, quasi-two
dimensional smectic films in a regime governed mainly by two-dimensional hydrodynamics. Coalescence of the islands
is driven by the line tension along the domain boundary, at a rate limited by viscous drag from both the liquid
crystal and the air and, particularly at early times, by dissipation resulting from the inter-layer permeation required
to rearrange the layer dislocations bounding the coalescing islands as the perimeter is reduced. At long times, the
6FIG. 3. Merged island shape relaxation at long times. (a) Evolution of the difference between the normalized bridge width
w and its final value wf . The response becomes exponential after a few ms, with a slope corresponding here to the inverse
time constant, 1/τr. (b) Scaled relaxation time τ0 as a function of scaled radius ε fitted using Mann’s model (Eq. 2). In these
experiments, the 2D term (red curve), accounting for dissipation in the background film, is clearly more important than the
3D term (blue curve), which describes dissipation occurring in the air, especially for small island radii (large Saffman lengths).
The fitted curve (green) gives a value of line tension consistent with previous film experiments.
merged domain relaxes exponentially to a circular shape, with dissipation occurring principally in two dimensions, in
the thin fluid membrane rather than in the surrounding air. A model that includes the dissipation in both 2D and
3D allows quantitative prediction of the relaxation rate.
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